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In the construction of an absolute condenser, consisting of two sil- 
vered plane circular glass plates, it was found necessary to compute the 
edge corrections for many cases which have not yet been determined. 

In the following pages will be found a number of such cases worked 
out by means of the general conformal transformation due to Cristoffel * 
and Schwarz. 

A very clear résumé of the method will be found in the chapter on 
conjugate functions of J. J. Thomson’s Recent Researches in Electricity ' 
and Magnetism. 

The method has been applied to problems of different kinds by Kirch- 
hoff,t Potier,§ Michell, and Love.f 

It will be noticed that in all the cases here presented, there is a 
variable parameter which allows the correction for any relative position 
or size of the edges to be given from the general solution. 

It then follows that a number of cases already solved by J. J. Thom- 
son are but special cases of these the more general solutions. 

This is a great advantage, as it affords an excellent check upon the 
accuracy of the more complicated results. 

In a number of cases the problem was solved in two distinct manners, 
the more elegant being here presented, but the results in every case 
agreeing with each other. 





* Annali de Math., 1, 89 (1867). | § French Trans. of Maxwell, Appendix. 
+ Crelle, 70, 105-120 (1869). {| Phil. Trans., A, 389 (1890). 
t Gesam. Abhand., p. 101. {7 Proc. Camb. Phil. Soc., 7, 175 (1891). 
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Professor J. J. Thomson solves the following problems, which are most 
concisely stated by diagrams. The sign « at the end of a line, denotes 
that the line is to be considered to extend to infinity in that direction. 

Every line represents the intersection with the plane of the paper of 
planes perpendicular to the paper and extending to infinity in both direc- 
tions, above and below. So that figure (a), for example, represents a 
semi-infinite plane, near and parallel to another infinite plane. 

In all the diagrams these planes are to be considered conductors of 
electricity. 
































(e) (f) 


The last two cases have special reference to the correction for the slit 
in a guard ring electrometer. 

For further work on the electrometer from this point of view see the 
French translation of Maxwell, Vol. II, p. 568, et seq., where M. Potier 
has worked out more general cases. We can immediately extend these 
results of Thomson’s by the method of electrical images. We thus 
obtain the solutions for the following cases, where v represents the 
potential : 
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Prosiem I. 


Consider two semi-infinite planes one of whose edges extends beyond 
the other. 

AtA t4=-—1, a=27 

C @= 0 aq xO C ¢=0 

B = 6 ag=2e 


t=@ 








t=-@ 


Hence the Schwarzian transformation for this case is, in the general case 
of the three values a 6 ¢ for ¢, t ts, respectively, 


dz _ (¢—a) (¢—5) 
—C t—ce . 








(c — a) (c—) 
eit ja 


=((@-« +¢-H+ 


and 


z= vgs Se =" +(e — a) (¢ — 8) log (@ 0) +7. 


Puttinga =—1, 6=b, c=0, we obtain 


oS 
—y=tt ne blogt + I. 


VOL, XXx1x.— 27 
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If we make the point ¢ = — 1 correspond to the origin in the z-plane 
we shall have then for ¢ = — 1 


2 
o+ oi =—14 24 _ piog 1) +P. 
Therefore the constant of integration is : 


C+" + blog (— 1). 


When ¢ is very small the principal term is: 


r=1— 


=—blogt+:°: 62>1. 


z 
C = 
Now as long as ¢ is negative and its absolute value very small, the 
imaginary part must be equal to zero. But when ¢ passes through the 
value zero from negative to positive, z increases by Ai. 


Hence z=— C (— dblogt — br?) 
which fulfils the above conditions, 
and Chr=h C > 0 and real. 
C= 5, 
Also when t=5b z=g+ hi, 
then 


2 
g+hi=— O(b— blog + 1— C+ — bes); 


h= Ober 
again, and which gives : 


g=—0( (1 — log 4) +1 C$), 


In the w-plane the diagram is : 








v=0 


and the corresponding transformation is, since the polygon has one zero 

angle at ¢ = 0, 
dw _ dt 
ot 


“. w= Diogt=o4+ ty. 
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When ¢ is positive, y=0; 
when ¢ is negative, y=, 
Din = vi, or D=* . 
TT 
and the final expression is 


v 
win = log t. (a) 


Now to find the amount of electricity on the under side of the upper 
piate, from the edge (¢ = 5) to a point so far in (e = — x + ht) that 
the charge is uniform, we have, since 


1 
1-7; (iar — rns) 
or using eq. (a) 
q= i (log tp — log 5). 


When ¢ is very small and positive 


2 
s=—2+hi=—O(5 —blogt, + 1— Cr oni), 


—-r£=— o(* S — blogt, 


—-x 1—26 
ot 35° 


wi Uy 
and since P, pad 


Tv 
_-v h 26—1 jl 
= teil” af wT 26 °8 é 
When 2 is unity, which brings the two edges symmetrically above one 
another, the correction becomes 


eel ag a 
9=Teh\* tee)" 
When ¢ is very small and negative, z = — x + o¢, and the quantity of 
electricity on the upper side of the lower plate is 


from which 
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_ nt 
==> ~ (Piar— %..-;) = ja log (— tp). 

— | 

“CG | 538) } 

_ te 26-1 ] ' 

=? vot (the ) : | 

If 3 is infinite this becomes 


+v h 
oe Bl z+) | 


If 5 is unity the equation becomes t 


v h 
9= 754 (*t3) 


which agree with the known special cases already worked out. 









Prosiem II. 






Consider the problem of a square edge facing a semi-infinite plane, 
which may extend beyond the edge as per diagram. 

The polygon consists of the sides 
DABCE. 






Ejt=- 






AtA t4=a4, a, = 27. 

















v=v Cc t=—1 B t,=¢, a, = 0. 
t=0 : 9g , Sx 
B ih C 4=36 == 
pian i 3 ) ag 2” | 
t=+o t=a | # 
D A 










The transformation for this case is 
1 dz _— Vt—b(t—b) — (ec — a) ; ; 
04.” t—e — Em OL + t—c J’ : 

which integrates into 
















an it—0)'+2(e— a)/t—b+ (e—a) Ve— blog eas +1. 
c—b 
Let us putta=a, 6=—1, e=0; then 
; i —— Vt+1+1 
= = $(¢+1)°—2avVt + 1+ alog —————_ + Fr. 
prt ty tert + eee, 
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Let the origin he at¢=—1. Then 


o+ot 
C 


1 
= alog — + const. .. const = T =amrt. 


Whent=a, z=g+hit; hence 
Va+1+1 ) 
+ arnt}. 


g+hi=C(a(at 1)! —2aVat+l dt 
ari~i 


h=Carn, Guo 
aT 


From: which 


vei t | 
Va+1—1/) 


(d) g= (de +)! 24a ti + alog 


The diagram in the w-plane consists of two infinite lines with one 
zero angle, the same as in the preceding problem. 
The transformation for which is 


$=; or w= Dlogt. 


When ¢ is negative, Y=v. .. v= Dz, andw= ” log t. 
Tv 


The equation for the electricity on the lower face of the square corner 
from the corner ¢ = — 1 to a point so far in, that the distribution may be 
considered uniform is 


v 


We must now find a value of ¢ or of log ¢ for a point at which ¢ is 


negative and very small. 
Putting ¢ = 0 except in the terms which become-large under such 


circumstances : — 


—x+o0t=C(% — 2a + 2a log 2 —a logt + art) 


x 2 ‘ 
log t = =H gq t 2 (l — log 2) — 22 


v 2h 1 
1= 75 [ 2+ - (1— Wg 2-5) | 
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When a is infinite we have the case 

o which agrees with that already worked iq 

out. 4 

It is seen that when a is in the vicin- 

ity of unity the correction undergoes 

large variations. The correction be- 
comes zero when : 





















FeO TED 





1 
1 = log 2+ 57 or a = 1.086 






(ET TY EA ER ET GER TRS 


The value of g corresponding is found by 
substituting in formula (d) this value of (a) ; 
which makes 







g=-212xh 














or approximately as drawn. 












Prostem III. 





Find the capacity per unit length 
of the following system of conduct- : 
ors. 
v=v The dimensions perpendicular to 
the paper are all infinite. The 
Schwarzian transformation for this 
case is: 


t=+o 























d a} i | oy 
Dy—-1 77 = Ot—4) (‘t—4)" 4)" , 









where ¢,, 2, ts are the values of ¢, corre- 
sponding to the three corners D, C, and B, | 
while a, ag, ag are the internal angles of 

—® the polygon EDCBA — E at D, C, and B, 





E ;— 
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us 


At D let 4; = 3 melee 
C iZ=c ag= 0 
B &4=a a => 


dz_ Ov (t—a) (¢—)d) 


dt t—e 





=e wee 
By making the substitution u? = c— 8 or¢t= a = this uxpres- 


sion becomes rationalized, and integrates into 














a ee —a@a 
2=¢(ve=9E-H += . tg Yet 











Vv (c—b)¢—2) +V(e—a)((—b) | r) @) 


—/(b—c)(a—c)1 
vi i ) "8 /e—b\G—a) —/V (e—a)(t —6) 


where I is the constant of integration. 


t=+o t=a 








The w-diagram consists of two straight lines parallel to the ¢-axis, 
at a distance v apart. 


At G t=0, a= 0, and the transforming function is obtained from 
dw 
dt 

From this equation we obtain the integrated form 


= B- where B is a constant. 


w = B (log ¢ + const.) = + ty 


As ¢ runs from — to 0 and from 0 to + o, the value of log ¢ dimin- 
ishes by ¢ as ¢ passes through zero. 


w=B(logt—ir)=o+ty 


and as ¢ passes through zero w increases by iv 
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v=—Br or B=—°%. 
TT 
Hence finally 
w= + iy =~ (ix — logs). 


Take now in equation (a) 


which becomes 


a1, Vi—at+ Vt+1 
SWise-ieel 

i Vt—a+iva(t+1) ) 

Yo ee veer . (ce) 


Make the origin in the z-plane correspond to ¢ = — 1 and let C=—i D, 
then 








2=0(Vl=9 OF) +45 





l—a 


3 log 1 — 4 Va log 1 + 1) 


c= 040i=-iD( 


from which follows T = 0. 
When t=a 2= 9+ hi, 


then 


2 =g + hi = — Di (AF log (— 1) - 4 Va log (- 1)) 


~ Di (+5 5t-i vari), 


From which follows, equating real and imaginary parts, 


=—Dvar ial 


ies and D = —— 
g=+D+>*= Var 
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Equation (c) now becomes : 





a att foe l-a, vt—at+vVi+l 
7 ‘(ve y@+1)+ 5 seal my ae om 


aT 











this Beste ce), (a) 


Vt—a—iVa(t+1) 


From the values for A and g above we find, if we put 


on SF 
h 2 Va 


a—2a(1+2b)7+1=0 
whose solution is 


a=1+4 2074 2bvVY1+ 5% 


We should expect a priori that a should be a function of b= i as it is 


their ratio alone which determines the shape and relative position of 
the conductors. Since a must be greater than 1, we must take the 
larger root. 


Suppose we take’a point on one of the conductors so near to the value 

t = 0 that we may neglect ¢ in comparison with 1 and a fortiori with a. 

We obtain by suitable transformations of the logarithms using the 
formula 

ai +ty 


. =i tent 2 + on wt. 
r—ty zx 


Hence in formula (d), neglecting ¢ and retaining 1 and a, we obtain 
h i- , - 
r= (— vari 5 * (2 ¢ tan-} Va —i 7) 
4a 
atl 


+ am + log tr). 


+ Va (log 
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The imaginary part of this expression is iy = "A Vain =ith, 
an 


which is a true result. 


The real part is 


—-z= =| - Va— (1—a) (tan va—5) 


+ Va log —* + Va bg t, | 


and 


_—2F 1— = a+1 
log tp, = —— — [i+ re “(tan fa) + log 7 ot |. 


Substituting this value of log ¢, in the expression for the quantity of 
electricity on the conductor, 


@ = 725 (toe log (—1)) 


from ¢t = — 1 to t= P, we obtain the final expression for that quantity 


(e) 1=-755{ rash ek (un va—5) +1— log |} 


When v = 1 this expression is the capacity of a strip of unit depth, from 
the point D to a point Py at a distance x towards the left; and we see 
that there is a correction of amount 


l—a - Pi 4a 
w= 2[* (tau Va 5) +1 — bog se] 


to be added to z, to take into account the concentration of the electricity 
at the corner. We may now calculate the amount of electricity on the 
face D P, assuming the distribution to be uniform, only instead of x we 
must use the value z + z,. 
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@ When a = 1, or when we consider the 
case of two square corners facing one an- 
other, as in the figure, the equation (e) re- 
duces to 


q=7- iG (1 — log 2) ). 


When we let a become infinite the ex- 
pression (e) becomes indeterminate, but by 
determining its true value we find for the 
case of a square corner facing an infinite 
plane, the expression 


t=+o0 

















t 


2h 


These two results check the general 
solution, as these special cases have 
been worked out by J. J. Thomson.* 





As an approximate expression for these cases we may write: 





where = is used in place of A x .0978. 





* Recent Researches in El. & Mag., Chapt. on Conjugate Functions, 
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9 10 u 12 13 14 15 16 17 


8 
Values of Y% 






7 





- 38 
zl 


° + 4 8 
ca Values: of Correction 


Curve showing relation between the correction factor and g, the 
geome of the larger corner from the smaller. 


—x———— The case where g = 0 has for correction factor ‘a — log 2) 


“a i ‘The case where g = © has for correction factor de (1 — log 2) 
The general case is 
h(a—1/* = 4a 
a G _ tant fa) + 1—log 











cd a 2 a+l1 
eed, eee ee, 2a oe 
=- PF (5 tan va) log - = it (1 log 2)| 
l J | 





a-—1l 


where 2 = “ ~~ and the quantities plotted are J and —(-tetva —log —.. 
fa 2 a 
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Looking at the plot, we notice the remarkable rapidity with which the 
projecting edge acts as if it were an infinite plane. In fact, for all pur- 
poses a projection of ten or twenty times the distance apart acts as 
nearly as possible as an infinite plane, as far as the electricity on the 
inside face is concerned. 








@ 
J. J. Thomson has found for the amount Q 
of electricity on the side PQ the expres- 
sion: 
II 
v a PQ Maries eer eb 
Qre = 33 108 Gz at 
o——_4 x 
io) 
+Q 
By the method of electrical images it is | ; 
easily seen that for the case I, the expres- © |P 
cnecissice: CT RR IES AAP Haber 





v a Pq 
q = 7 log (*72). 


This problem was also completely solved with the following codrdinates 
for the corners, where a1. The solution for the quantity of elec- 
tricity on the smaller plate being 


on oe fg SESSA as 
1 al ak ve 2+ 


4 foo) 
+1—bg 4 |}. ee engine 


@ 














h 
9 t=-1 
This reduces to the correct expression for the 
case a = 1; but to obtain that for a rectangu- 
lar corner near an infinite plane it cannot be ap- 
plied, hence the change to the above notation. 
t=-—o 











=-eerirnennendenaeesmerai oegp-nenee.ieenieeiienmeseeeeree eee ee 
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Prosiem IV. 


To find the distribution at the edge of a plate of finite width, which is 
at potential v, near to and parallel to an infinite plate at potential zero. 


























of —@ qt=e For generality put at 
v=v At 384 
= ar. = — 
a P B pa 1 a, 1 a? 
oo B4= 4 =5%, 
oo an 2 
v0 C ts = cy ag = 0. 
The Schwarzian transformaticn then becomes: 
dz _ “(t—a) (¢—c) 
o= ee dt. (a) 
When a = 3 this assumes the form 
Meit=* a. (1 +<=*) dt. 
c t—e t—e 
= = [t + (c — a) log (t — c) + const.]. (b) 


To integrate the above expression (a) make the substitution ¢ — ¢ = v, 


then t—a=v+c—a=v+d, d=c—a, 
t—b=v+e—b=v+te, e=c—J, 

and d+e=2c—(a+b), de=(e—a) (e— d) 

(a) now becomes . 








dz_V@FD CHS », 
C v 


and is of the form under the radical of 


X=a+Pr+yr=de+ d+elv+rv’, 
where a= de, B=d+e, y=1. 


Using Byerly’s tables of integrals we find that 
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2 [aravx+4 te dn Oe he — 
/ X ar/X 


(147) (120) (142) 


where the numbers refer to the formulae used. In the use of (142) the 
product de or (ec — a) (ec — 5) must be positive; this is true, as a and b 
both lie on the same side of a and the differences are either both positive 
or both negative. Hence we have 


=. dt ae 
a V X+ Fe (VX+2+S*) 


“2° /de 


=/(t—a)(t—b) + a veges st) 


<p V (t—a)(t—b)+/ (e—a)(c—b) ,  2e—(a+4) 
—V/ (=w(eBylog{ me ‘Wes es er 








As a check on this formula, put a = b; we obtain 


Fi= (t— a) + (¢ — a) log (¢—e) + const, 


which is the same as special case (b). 
To apply this to our problem, put a=a, 6=0, c= 1; then we 


have 


= Vie= a) + Flog (VER= a) + 5“) 


oti Be om 
—V1l— T= alog (“* ote at aa) tt 








Using when convenient m = “1 — a, this equation may be transformed 
into 


he a. + “ — a) 


— ig Ft VE . Tr (© 





a= Vvig=a +" 
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Let the origin in the 2-plane be chosen at the point B, ¢ = 0; now 
putting ¢=0 in (c), we obtain 





o+ot m+1 m? — 1 2] 
CG °) log 5 — mlog +7. 


—2m 





eo was mi +1, m* — 1 1 m? — 1 
. r= a. ~ oF 


When ¢ = a, z=0+ di. 


2 
o+di= o(* + bog 


od Wi Bai 


m+1 ,. Q2mari 
moe 400 20%) 








_ Cx 2 


To find h, we notice that where ¢ is very small we may write 


dz_vi(tt—a), ae ACE dt 


CC” §6t—1 coer...” 


- a = m [log (¢ — 1) + const.]. 


Const. = — i, and is so chosen that the imaginary part of z is zero as 
long as ¢ is less than unity. 
z= m CO [log (¢ — 1) — tr]. 


When =l+e. z=—o—th; 


— «© —th= Cm[log lel —izx], 
h 


h=Cmr, C= —. 
mar 


— 1)2 
es. Ett say m>1. 


h 2m 
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From which, given any value of K which determines the configuration of 
the polygon, we can find m by the formula 


m=1+ K+ W7K(K +2), 
and vice versa. 


The diagram in the w-plane consists of two parallel straight lines, the 
angle being zero, and the value of ¢ corresponding being ¢ = + 1. 
Hence 
dw dt 
Ber 


w=o¢+ty= B[log(t — 1) + const.]. 


Const. = 0, because y = 0 as long as ¢ > 1. When ¢ passes through 
the value ¢ = 1 and becomes less than 
ao —*° unity, y increases by v = Br. 





t=+1 





v=0 +o 
Hence B= 


Now the quantity of electricity on a strip of breadth x and depth unity 
is by the general equation : 


1 
q = 7 (be — do) 


and since = = log (¢ — 1), 


q = z~allog (¢ — 1) — log (— 1)] 


= Falog (1 — 2), | () 


which gives the amount of electricity on a strip of breadth z, on the 
under side of the upper plate from the corner B, to a point P at a dis- 
tance — x, from B. 


Let us now find a value of log (¢ — 1) so far from the edge and on 
the lower surface of the upper plate that ¢ may be considered nearly 
equal to unity, say ¢=1—e«. From (a) 

VOL. XXx1x — 28 
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1+m?, (1+~m)? 2m 
3 log 9 —m log — 








=m+ 


















1+m, m*—1 m* — 1 
a log 3 + m log —>— 
























1 P 1)? 4m 
=m+ <* ng St — m log — + mlog (t—1)3 


















1 =~. 
m + + log m 





1+m* 
2m ca 








log (¢— 1) == —1— 








1+ mi, m+ 1 
2m ca 


= : 
log (1—#) = 5-1 - 1 + 8 Be = 













Substituting this value of log (1 — ¢) in (c) we obtain 


ps v h ,it# mt+1 4m? : 
7 let (1+ 2m log 1 — tog 3) | (4) 


which is the required expression. 













When a=0 m=1 


which gives the case of a semi-infinite plate near an infinite plate 








eo 








eo 


this case (d) reduces to 









rai (*s) 


Where a=—0o m=+Vo 
this should give the expression for the electricity on a square corner 


near an infinite plate 





which is a correct result. 










(d) becomes : 






qI=— 
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We must find the true value of the indefinite term 


mi +1, mt+1 
2m m—1 





Writing it in the form ; we have 
4, m+1 
dm Sm —1 | (tty _ 
d i... (eat 


mM = @ 





Limit m = vyedm m? +1 


Hence 


v 2h 
q=— yoy (2+ —10g2)) 


which is the correct result required. 
Since for a plate of no thickness the parenthesis of the correction is - 
unity and for infinite thickness 1s 2 (1 — log 2) = .614. 


The correction then always lies between the values: : and 614 or 
h x .818 and k X .195. 





The amount of electricity on the end A B 1s given by: 


0 = qe (ba 4) = Zo [log (a — 1) — log (— 1)] 


v v 
os “ 2, 
* log (1 — a) r log m?; 


7? 
icone log m 
: a (4 . 


Now the equation m = 1+ K+ /K(K + 2) gives the value of m for any 
value of K = . the ratio of the thickness of the upper plate to its dis- 


tance from the lower. We must take the positive value of the radical as 
m> 1. 
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When d = 0 or m = 1, the amount of electricity on the sharp edge is 


and we find there is none. 

To find the quantity of electricity on the upper surface of the upper 
plate, we find the quantity which lies on the plate from the corner B, at 
which ¢ = 0, to a point P on the upper surface such that the correspond- 
ing z is a large multiple of h. 

We must, however, agree to keep a small so that we can neglect it in 
comparison with the value of ¢ we choose. From the general equation 
(a) we have 

2 
gait + tog 2 | t | — mlog 





2 
log | + ™+* log 4 
ones 2 2 


and very approximately since | ¢| is large. 


oe 1—t=1+4 


+ et Y hog (1+ z)-* alah log (m — 1) 


= Hele log (m + 1) + Si log 4 (e) 


and 
The quantity of electricity on the upper plate from ¢ = 0 tot = P is 


v * 
q = z= [log (¢ — 1) — i x] = Flog (1 — 8). 
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Using the expression (e) we have 


— 1)? 
o= polg [14 HE log (1477 *)-S5 ) og (m1 1) 


— OF tog (m+ 1) + Fog 4 |, (g) 


The expression for m = 1 or a = 0 should reduce to the known expres. 


sion. It becomes 
TK TK 
= fa hog [1+ 5 + tog (1 + 7) 


which is identical with his result. 





